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A GENERALIZATION OF THE SUBSPACE THEOREM FOR HIGHER
DEGREE POLYNOMIALS IN SUBGENERAL POSITION
SI DUC QUANG
Abstract. In this paper, we prove a generalization of the Schmidt’s subspace theorem
for polynomials of higher degree in subgeneral position with respect to a projective
variety over a number field. Our result improves and generalizes the previous results on
Schmidt’s subspace theorem for the case of higher degree polynomials.
1. Introduction
In Diophantine approximation, the classical theorem of Roth [14] says that for an al-
gebraic number α there are only finite rational numbers, whose denominators satisfy a
certain bounded condition, close enough α. This result is stated as follows.
Theorem A. (Roth’s theorem [14]) Let α ∈ Q be an algebraic number. Let ǫ > 0. Then
there are only finitely many rational number p/q ∈ Q satisfying∣∣∣∣α− pq
∣∣∣∣ < 1q2+ǫ .
By Dirichlet’s principle, the exponent (2 + ǫ) is the best possible. Later on, this result
had been extended to the case of arbitrary number field instead of Q and also for a finite
set of absolute values, not for only archimedean absolute values as above. We refer the
readers to the works of Wirsing [23] and Schmidt [17] for this direction.
In another direction, Schmidt [18, Lemma 7] proved an interesting generalization of the
Roth’s theorem to the case of higher dimension, which is so called “subspace theorem”.
There are many authors extending and generalizing this result of Schmidt. Over the last
decades much research on the subspace theorem has been done. Many results have been
given, for instance [4, 5, 6, 15, 8]. To state some of them, we recall the following.
Let k be a number field. Denote by Mk the set of places (equivalence classes of absolute
values) of k and by M∞k the set of archimedean places of k. For each v ∈ Mk, we choose
the normalized absolute value | · |v such that | · |v = | · | on Q (the standard absolute value)
if v is archimedean, and |p|v = p
−1 if v is non-archimedean and lies above the rational
prime p. For each v ∈Mk, denote by kv the completion of k with respect to v and set
nv := [kv : Qv]/[k : Q].
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We put ||x||v = |x|
nv
v . The product formula is stated as follows∏
v∈Mk
||x||v = 1, for x ∈ k
∗.
For x = (x0, . . . , xm) ∈ k
m+1, define
||x||v := max{||x0||v, . . . , ||xm||v}, v ∈Mk.
We define the absolute logarithmic height of a projective point x = (x0 : · · · : xm) ∈ P
m(k)
by
h(x) :=
∑
v∈Mk
log ||x||v.
By the product formula, this does not depend on the choice of homogeneous coordinates
(x0 : · · · : xm) of x. If x ∈ k
∗, we define the absolute logarithmic height of x by
h(x) :=
∑
v∈Mk
log+ ||x||v,
where log+ a = logmax{1, a}.
Let N = {0, 1, 2, . . .} and for a positive integer d, we set
Td := {(i0, . . . , im) ∈ N
m+1 : i0 + · · ·+ im = d}.
Let Q =
∑
I∈Td
aIx
I be a homogeneous polynomial of degree d in k[x0, . . . , xm], where
xI = xi0 . . . ximm for x = (x0, . . . , xm) and I = (i0, . . . , im). Define ||Q||v = max{||aI ||v; I ∈
Td}. The height of Q is defined by
h(Q) =
∑
v∈Mk
log ||Q||v.
For each v ∈Mk, we define the Weil function λQ,v by
λQ,v(x) := log
||x||dv · ||Q||v
||Q(x)||v
, x ∈ Pm(k) \ {Q = 0}.
Definition 1.1. Let V be an irreducible projective subvariety of Pm(k) of dimension n.
We say that a set {Qj}
q
j=1 (q ≥ N +1) of homogeneous polynomials in k[x0, . . . , xm] is in
N -subgeneral position with respect to V if for any 1 ≤ j0 < · · · < jN+1 ≤ q,
V (k) ∩ {Qj0 = 0} ∩ . . . ∩ {QjN = 0} = ∅.
where k is an algebraic closure of k. Moreover, if {Qj}
q
j=1 (q ≥ N + 1) is in n-subgeneral
position w.r.t. V then it is said to be in general position w.r.t. V .
We state here a general subspace theorem given by Vojta for the case of hyperplanes of
a projective space in general position (i.e., the case of linear forms in general position).
Theorem B (see [21, Theorem 2.2.4] and [22, Theorem 0.3]). Let k be a number field,
S be a finite set of places of k containing all archimedean places and let H1, . . . , Hq be
hyperplanes of Pn(k) in general position. Then for each ǫ > 0,∑
v∈S
q∑
j=1
λHj ,v(x) ≤ (n+ 1 + ǫ)h(x)
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for all x ∈ Pn(k) outside a union of finite proper linear subspaces.
As we known that there is a close relation between Nevanlinna theory and Diophantine
Approximation due to the works of Osgood (see [10, 11]) and Vojta (see [21]). Especially,
Vojta has given a dictionary which provides the correspondences for the fundamental
concepts of these two theories. With this dictionary, the subspace theorem in Diophantine
Approximation theory will correspond to the second main theorem in Nevanlinna theory.
In 1991, by using the notion of Nochka weights in Nevanlinna theory [9], Ru and Wong
[15] gave a generalization of Theorem B as follows.
Theorem C (see [15, Theorem 4.1]). Let k be a number field, S be a finite set of places
of k containing all archimedean places and let H1, . . . , Hq be hyperplanes in P
n(k) in
N−subgeneral position. Then for each ǫ > 0,
∑
v∈S
q∑
j=1
λHj ,v(x) ≤ (2N − n+ 1 + ǫ)h(x)
for all x ∈ Pn(k) outside a union of finite proper linear subspaces.
Later on, Corvaja-Zannier [6] and Evertse-Ferretti [5] gave a breakthrough result which
generalizes the result of Vojta to the case where the hyperplanes are replaced by hyper-
surfaces. We state their results in a simple form as follows.
Theorem D (see [5, Theorem 1.1] and also [6, Theorem 1.3]). Let k be a number field,
S be a finite set of places of k containing all archimedean places and let V be an irre-
ducible subvariety of Pm(k) of dimension n. Let Q1, . . . , Qq be homogeneous polynomials
in k[x0, ..., xm] in general position with respect to V . Then for each ǫ > 0,
∑
v∈S
q∑
j=1
λQj ,v(x)
degQj
≤ (n+ 1 + ǫ)h(x)
for all x ∈ Pn(k) outside a union of finite proper algebraic subvarieties.
Here, we note that Corvaja and Zannier considered the above result for the case of
V = Pn(k) and the general case of arbitrary subvariety X is proved by Evertse and
Ferretti. Also the methods of two these groups of authors are different. While Corvaja
and Zannier introduced a method of filtrating the spaces of homogeneous polynomials,
Evertse and Ferretti gave a method of making use of Chow weights.
Motivated by the analogy between Nevanlinna theory and Diophantine approximation,
after establishing a degenerated second main theorem, Chen, Ru and Yan [2] proved a
Schmidt’s subspace theorem for the case of hypersurface in subgeneral position as follows.
Theorem E (see [2, Theorem 1.3]) Let k be a number field, S be a finite set of places of k
and let V be an irreducible projective subvariety of Pm(k) of dimension n. Let Q1, . . . , Qq
be homogeneous polynomials of k[x0, . . . , xm] in general position with respect to V . Then
for each ǫ > 0, ∑
v∈S
q∑
j=1
λQj ,v(x)
degQj
≤ (N(n+ 1) + ǫ)h(x)
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for all x ∈ Pm(k) outside a union of closed proper subvarieties of V .
However, while Theorem C of Ru and Wong is a natural generalization of the clas-
sical result of Vojta, the above result of Chen, Ru and Yan can not imply the result
of Corvaja- Zannier- Evertse- Ferretti. Recently, in [12], by introducing the method of
“replacing hypersurfaces”, we gave a general second main theorem in Nevanlinna theory
for hypersurfaces in subgeneral position with respect to a subvariety. Adopting our tech-
nique in [12], in this paper we will prove a Schmidt’s subspace theorem for homogeneous
polynomials in subgeneral position with respect to a projective variety. Our main result
is stated as follows.
Main Theorem. Let k be a number field, S be a finite set of places of k and let V be an
irreducible projective subvariety of Pm(k) of dimension n. Let Q1, . . . , Qq be homogeneous
polynomials of k[x0, . . . , xm] in general position with respect to V . Then for each ǫ > 0,∑
v∈S
q∑
j=1
λQj ,v(x)
degQj
≤ ((N − n + 1)(n+ 1) + ǫ)h(x)
for all x ∈ Pm(k) outside a union of closed proper subvarieties of V .
We would like to note that, when the family of homogeneous polynomials is in general
position, i.e., N = n, our above result will imply the Schmidt’s subspace theorems of
Corvaja-Zannier-Evertse-Ferretti and also previous authors.
2. Some auxiliary results
In this section, we recall the notion of Chow weights and Hilbert weights from [4, 5].
Let X ⊂ Pm(k) be a projective variety of dimension n and degree ∆. We consider the
unique polynomial
FX(u0, . . . ,uk) = FX(u00, . . . , u0m; . . . ; un0, . . . , unm)
in n + 1 blocks of variables ui = (ui0, . . . , uim), i = 0, . . . , k. Then FX is called the Chow
form associated to X and has the following properties:
• FX is irreducible in C[u00, . . . , unm],
• FX is homogeneous of degree ∆ in each block ui, i = 0, . . . , n,
• FX(u0, . . . ,un) = 0 if and only if X ∩ Hu0 ∩ Hun 6= ∅, where Hui, i = 0, . . . , n,
are the hyperplanes given by ui0x0 + · · ·+ uimxm = 0.
Let c = (c0, . . . , cm) be a tuple of real numbers. Let t be an auxiliary variable. We
consider the decomposition
FX(t
c0u00, . . . , t
cmu0m; . . . ; t
c0un0, . . . , t
cmunm)
= te0G0(u0, . . . ,um) + · · ·+ t
erGr(u0, . . . ,um).
with G0, . . . , Gr ∈ C[u00, . . . , u0m; . . . ; un0, . . . , unm] and e0 > e1 > · · · > er. The Chow
weight of X with respect to c is defined by
eX(c) := e0.
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For each subset J = {j0, ..., jk} of {0, ..., n} with j0 < j1 < · · · < jk, we define the bracket
[J ] = [J ](u0, . . . ,un) := det(uijt), i, t = 0, . . . , k,
where ui = (ui0, . . . , uim) denotes the blocks of m + 1 variables. Let J1, . . . , Jβ with
β =
(
n+1
m+1
)
be all subsets of {0, ..., m} of cardinality n+ 1.
Then the Chow form FX of X can be written as a homogeneous polynomial of degree
∆ in [J1], . . . , [Jβ]. We may see that for c = (c0, . . . , cm) ∈ R
m+1 and for any J among
J1, . . . , Jβ,
[J ](tc0u00, . . . , t
cmu0m, . . . , t
c0un0, . . . , t
cmunm)
= t
∑
j∈J
cj[J ](u00, . . . , u0m, . . . , un0, . . . , unm).
For a = (a0, . . . , am) ∈ Z
m+1 we write xa for the monomial xa00 · · ·x
am
m . Let I = IX
be the prime ideal in C[x0, . . . , xm] defining X . Let k[x0, . . . , xm]u denote the vector
space of homogeneous polynomials in k[x0, . . . , xm] of degree u (including 0). Put Iu :=
k[x0, . . . , xm]u ∩ I and define the Hilbert function HX of X by, for u = 1, 2, ...,
HX(u) := dim(k[x0, ..., xn]u/Iu).
By the usual theory of Hilbert polynomials,
HX(u) = ∆ ·
um
m!
+O(um−1).
The u-th Hilbert weight SX(u, c) of X with respect to the tuple c = (c0, . . . , cm) ∈ R
m+1
is defined by
SX(u, c) := max

HX(u)∑
i=1
ai · c

 ,
where the maximum is taken over all sets of monomials xa1 , . . . ,xaHX(u) whose residue
classes modulo I form a basis of k[x0, . . . , xn]u/Iu.
The following theorems are due to Evertse and Ferretti [4, 5].
Theorem 2.1 (see [4, Theorem 4.1]). Let X ⊂ Pm(k) be an algebraic variety of dimension
n and degree ∆. Let u > ∆ be an integer and let c = (c0, . . . , cu) ∈ R
u+1
>0 . Then
1
uHX(u)
SX(u, c) ≥
1
(m+ 1)∆
eX(c)−
(2m+ 1)∆
u
·
(
max
i=0,...,u
ci
)
.
Lemma 2.2 (see [5, Lemma 5.1]). Let Y be a subvariety of Pq−1(k) of dimension n and
degree ∆. Let c = (c1, . . . , cq) be a tuple of positive reals. Let {i0, ..., in} be a subset of
{1, ..., q} such that
Y ∩ {yi0 = · · · = yin = 0} = ∅.
Then
eY (c) ≥ (ci0 + · · ·+ cin)∆.
6 SI DUC QUANG
3. Proof of Main Theorem
The following lemma is firstly introduced in [12] for the case k = C and is reproved in
[13] for the general case of arbitrary number field and for even moving polynomials.
Lemma 3.1 (see [12, Lemma 3.1] and also [13, Lemma 3.1]). Let V be an irreducible
projective subvariety of Pm(k) of dimension n. Let Q1, ..., QN+1 (N ≥ n) be homogeneous
polynomials in k[x0, ..., xm] of the same degree d ≥ 1, such that
V (k) ∩
N+1⋂
i=1
{Qi = 0} = ∅.
Then there exists n homogeneous polynomial P2, ..., Pn+1 of the forms
Pt =
N−n+t∑
j=2
ctjQj , ctj ∈ C, t = 2, ..., n+ 1,
such that
(⋂n+1
t=1 {Pt = 0}
)
∩ V (k) = ∅, where P1 = Q1.
Proof of Main Theorem. Let di = degQi (1 ≤ i ≤ q) and let d be the least common
multiple of di’s, i.e., d = l.c.m(d1, . . . , dq). Replacing Qi by Q
d/di
i if necessary, without loss
of generality we may assume that all Qi are of the same degree d. We may also assume
that q > (N − n + 1)(n+ 1).
For a given v ∈ S and for a fixed point x ∈ V (k), there exists a permutation (l1,v,x, ..., iq,v,x)
of {1, 2, . . . , q} such that
||Ql1,v,x(x)||v ≤ ||Ql2,v,x(x)||v ≤ · · · ≤ ||Qlq,v,x(x)||v.
We denote by P1,v,x, ..., Pn+1,v,x the homogeneous polynomials obtained in Lemma 3.1
with respect to Ql1,v,x , ..., Qln+1,v,x . It is easy to see that there exists a positive constant
c1 ≥ 1, which is chosen common for all v ∈ S, x ∈ V (k) and 1 ≤ i ≤ n+ 1, such that
||Pi,v,x(x)||v ≤ c1 max
1≤j≤N−n+t
||Qlj,v,x(x)||v,
for all 1 ≤ t ≤ n+ 1 and for all x = (x0 : · · · : xn) ∈ V (k).
Since Q1, . . . , Qq are in N−subgeneral position w.r.t. V , from the compactness of V
and the finiteness of S there exists a positive constant A such that
||x||dv ≤ c2 max
1≤j≤N+1
||Qlj,v,x(x)||v
for all v ∈ S and x ∈ V (k). Therefore, we have
q∏
i=1
||x||dv
||Qi(x)||v
≤ cq−N−12
N+1∏
j=1
||x||dv
||Qlj,v,x(x)||v
≤ cq−N−12 c
k
1
||x||
(N+1)d
v(∏N+1−k
j=1 ||Qlj,v,x(x)||v
)
·
∏n+1
j=2 ||Pj,v,x(x)||v
≤ cq−N−12 c
k
1
||x||
(N+1)d
v
||P1,v,x(x)||N−n+1v ·
∏n+1
j=2 ||Pj,v,x(x)||v
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≤ cq−N−12 c
k
1c
(N−n)
3
||x||
(N+1)d+(N−n)kd
v∏n+1
j=1 ||Pj,v,x(x)||
N−n+1
v
,
where c3 is a positive constant, which is chosen common for all v ∈ S, such that
||Pj,v,x(x)||v ≤ c3||x||
d
v, ∀x ∈ V (k).
The above inequality implies that
log
q∏
i=1
||x||dv
||Qi(x)||v
≤ (N − n + 1) log
||x||
(n+1)d
v∏n+1
j=1 ||Pj,v,x(x)||v
+ c4, ∀x ∈ V (k),(3.2)
where c4 is a constant depending only on Qi (1 ≤ i ≤ q).
We denote by I the set of all permutations of {1, ...., q}. Denote by n0 the cardinality
of I. Then we have n0 = q!, and we may write that I = {I1, ...., In0} where Ii =
(li,1, ...li,q) ∈ N
q and I1 < I2 < · · · < In0 in the lexicographic order. For each Ii ∈ I,
we denote by Pi,1, ..., Pi,n+1 the homogeneous polynomials obtained in Lemma 3.1 with
respect to Qli,1 , ..., Qli,N+1 .
We consider the mapping Φ from V into Pl−1(k) (l = n0(n + 1)), which maps a point
x ∈ V into the point Φ(x) ∈ Pl−1(k) given by
Φ(x) = (P1,1(x) : · · · : P1,n+1(x) : P2,1(x) : · · · : P2,n+1(x) : · · · : Pn0,1(x) : · · · : Pn0,n+1(x)).
Let Y = Φ(V ). Since V (k) ∩
⋂n+1
j=1{P1,j = 0} = ∅, Φ is a finite morphism on V and Y is
a subvariety of Pl−1(k) with dimY = n and ∆ := deg Y =≤ dn. deg V . For every
a = (a1,1, . . . , a1,n+1, a2,1 . . . , a2,n+1, . . . , an0,1, . . . , an0,n+1) ∈ Z
l
≥0
and
y = (y1,1, . . . , y1,n+1, y2,1 . . . , y2,n+1, . . . , yn0,1, . . . , yn0,n+1)
we denote ya = y
a1,1
1,1 . . . y
a1,n+1
1,n+1 . . . y
an0,1
n0,1 . . . y
an0,n+1
n0,n+1 . Let u be a positive integer. We set
nu := HY (u)− 1, lu :=
(
l + u− 1
u
)
− 1,(3.3)
and define the space
Yu = k[y1, . . . , yl]u/(IY )u,
which is a vector space of dimension nu+1. We fix a basis {v0, . . . , vnu} of Yu and consider
the meromorphic mapping F from V into Pnu(k) defined by
F (x) = (v0(Φ(x)) : · · · : vnu(Φ(x))), x ∈ V.
Fix x ∈ V . For a given v ∈ S, without loss of generality we may assume that
||Ql1,1(x)||v ≤ ||Ql1,2(x)||v ≤ · · · ≤ ||Ql1,q(x)||v.
We define
cv,x = (c1,1, . . . , c1,n+1, c2,1, . . . , c2,n+1, . . . , cn0,1, . . . , cn0,n+1) ∈ R
l,
where
ci,j := log
||x||dv · ||Pi,j||v
||Pi,j(x)||v
for i = 1, . . . , n0 and j = 1, . . . , n+ 1.(3.4)
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We see that ci,j ≥ 0 for all v,x and j. By the definition of the Hilbert weight, there are
a1, . . . , aHY (u) ∈ N
l with
ai = (ai,1,1, . . . , ai,1,n+1, . . . , ai,n0,1, . . . , ai,n0,n+1), ai,j,s ∈ {1, ..., lu},
such that the residue classes modulo (IY )u of y
a1, . . . ,yaHY (u) form a basic of Yu and
SY (u, cv,x) =
HY (u)∑
i=1
ai · cv,x.(3.5)
We see that yai ∈ Ym (modulo (IY )m). Then we may write
yai = Li,v,x(v0, . . . , vHY (u)),
where Li,v,x (1 ≤ i ≤ HY (u)) are independent linear forms. We have
log
HY (u)∏
i=1
||Li,v,x(F (x))||v = log
HY (u)∏
i=1
∏
1≤i≤n0
1≤j≤n+1
||Pi,j(x)||
ai,j
v
= −SY (m, cv,x) + duHY (u) log ||x||v +O(uHY (u)).
This implies that
log
HY (u)∏
i=1
||F (x)||v · ||Li,v,x||v
||Li,v,x(F (x))||v
=SY (u, cv,x)− duHY (u) log ||x||v
+HY (u) log ||F (x)||v +O(uHY (u)).
We note that Li,v,x depends on i and x, but the number of these linear forms is finite. We
denote by Lv the set of all Li,v,x occuring in the above inequalities (when i and x vary).
Then we have
SY (u, cv,x) ≤ max
J⊂Lv
log
∏
L∈J
||F (x)||v · ||L||v
||L(F (x))||v
+ duHY (u) log ||x||v
−HY (u) log ||F (x)||v +O(uHY (u)),
(3.6)
where the maximum is taken over all subsets J ⊂ Lv with ♯J = HY (u) and {L;L ∈ J }
is linearly independent. From Theorem 2.1 we have
1
uHY (u)
SY (u, cv,x) ≥
1
(n+ 1)∆
eY (cv,x)−
(2n+ 1)∆
u
max
1≤j≤n+1
1≤i≤n0
ci,j(3.7)
It is clear that
max
1≤j≤n+1
1≤i≤n0
ci,j ≤
∑
1≤j≤n+1
log
||x||dv · ||P1,j||v
||P1,j(x)||v
+ c4,
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where c4 is a constant not depending on x and v. Combining (3.6), (3.7) and the above
remark, we get
1
(n+ 1)∆
eY (cv,x) ≤
1
uHY (u)
(
max
J⊂Lv
log
∏
L∈J
||F (x)||v · ||L||v
||L(F (x))||v
−HY (u) log ||F (x)||v
)
+ d log ||x||v +
(2m+ 1)∆
n
max
1≤j≤n+1
1≤i≤n0
ci,j +O(1/n)
≤
1
uHY (u)
(
max
J⊂Lv
∏
L∈J
||F (x)||v · ||L||v
||L(F (x))||v
−HY (u) log ||F (x)||v
)
+ d log ||x||v +
(2n+ 1)∆
m
∑
1≤j≤k
log
||x||dv · ||P1,j||v
||P1,j(x)||v
+O(1/n).
(3.8)
Since P1,1, . . . , P1,n+1 are in general with respect to X , By Lemma 2.2, we have
eY (cv,x) ≥ (c1,1 + · · ·+ c1,n+1) ·∆ =
( ∑
1≤j≤k
log
||x||dv · ||P1,j||v
||P1,j(x)||v
)
·∆.(3.9)
Then, from (3.2), (3.8) and (3.9) we have
1
N − n + 1
(
log
q∏
i=1
||x||dv
||Qi(x)||v
+O(1)
)
≤
n+ 1
uHY (u)
(
max
J⊂Lv
log
∏
L∈J
||F (x)||v · ||L||v
||L(F (x))||v
−HY (u) log ||F (x)||v
)
+ d(n+ 1) log ||x||v +
(2n+ 1)(n+ 1)∆
u
∑
1≤j≤n+1
1≤i≤n0
log
||x||dv · ||Pi,j||v
||Pi,j(x)||v
,
(3.10)
where the term O(1) does not depend on x.
Summing-up both sides of the above inequalities over all v ∈ S, we obtain
1
N − n+ 1
∑
v∈S
q∑
j=1
λQj ,v(x) ≤
n+ 1
uHY (u)
∑
v∈S
max
J⊂Lv
log
∏
L∈J
||F (x)||v · ||L||v
||L(F (x))||v
−
n+ 1
u
∑
v∈S
log ||F (x)||v + d(n+ 1)
∑
v∈S
log ||x||v
+
(2n + 1)(n+ 1)∆
u
∑
1≤j≤n+1
1≤i≤n0
∑
v∈S
log
||x||dv · ||Pi,j||v
||Pi,j(x)||v
+O(1).
(3.11)
Since the above inequality does not depend on the choice of components of x, we may
assume that all components of x are S-integer points and all coefficients of F are S-integer
points. Then we have∑
v∈S
log ||x||v = h(x) and
∑
v∈S
log ||F (x)||v = h(F (x)).
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We also have ∑
v∈S
log
||x||dv · ||Pi,j||v
||Pi,j(x)||v
≤
∑
v∈M(k)
log
||x||dv · ||Pi,j||v
||Pi,j(x)||v
= dh(x).
On the other hand by the subspace theorem due to Schlickewei [16] (see also Schmidt
[19, Theorem 3]), for every ǫ′ > 0 and all F (x) outside a finite union of proper linear
subspaces, we have∑
v∈S
max
J⊂Lv
log
∏
L∈J
||F (x)||v · ||L||v
||L(F (x))||v
≤ (HY (u) + ǫ
′)h(F (x)).
Combining this inequality with (3.11), we have
1
N − n + 1
∑
v∈S
q∑
j=1
λQj ,v(x) ≤
ǫ′(n+ 1)
uHY (u)
h(F (x))
+
(
d(n+ 1) +
(2n+ 1)(n+ 1)l∆
u
)
h(x) +O(1),
(3.12)
for all x ∈ V outside a union of finite proper algebraic subsets.
We note that h(F (x)) ≤ uh(x). Then taking
u ≥ 4(N − n+ 1)(2n+ 1)(n+ 1)l∆ǫ−1 and ǫ′ ≤
dHY (u)ǫ
4(N − n + 1)(n+ 1)
,
from (3.12) we get
∑
v∈S
q∑
j=1
λQj ,v(x)
d
≤
(
(N − n+ 1)(n+ 1) +
ǫ
2
)
h(x) +O(1),
for all x ∈ V outside a union of finite proper algebraic subsets. Since the height function
h(x) is unbounded and there only finite points x ∈ V such that h(x) is bounded above by
a certain positive constant, if we replace ǫ
2
by ǫ then the term O(1) in the above inequality
can be absorbed. The theorem is proved. 
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